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sonic. At speeds above the speed of sound application of 
the same assumptions leads to the Ackeret theory (refer- 
ence 1}.)* according to which the wing sections generate 
piano sound waves of small amplitude • As is well known^ 
the Ackerot theory predicts a radical change in the prop- 
erties of such wings on transition to supersonic velocities 
ani these changes have been verified by experiments in 
supersonic wind tunnels (reference 5)« 

Both the Ackeret theory and the flunk theory apply to 
the case of a wing having a large span and a small chord. 
The present discussion is based on assumptions similar to 
those used by Ackeret and Munk but covers the opposite^ 
extreme , namely, the wing of small span and large chord. 

In the latter case the flow is expected to be two- 
dimensional when viowed in planes perpendicular to the 
direction of motion. 

A theory for the rectangular wing of small aspect 
ratio has been given by Bollay (reference 6). Bollay 
assumes a separated, cr discontinuous, potential flow 
similar to the well-known Kirchoff flow and shows that 
under these circumstances the lift is proportional to 
the square of the angle of attack. Bollay does not con- 
sider the effect of compressibility. The present treat- 
ment covers other plan forms and, although based on dif- 
ferent assumptions, is not inconsistent with Bollay* s 
theory in the limiting case of small angles of attack. 

By limiting the plan forms to small vertex angles; 
the properties of the wings in compressible flow at high 
subsonic and at supersonic speeds are also covered, 

Tsien (reference 7} has pointed out that Munk*s airship 
theory (reference o) applies to a slender body of revo* 
lution at speeds greater than sonic. The lift and moment 
of such a body are not expected to change appreciably 
with Mach number. The present paper gives an analysis of 
the low-aopect-ratio airfoil based on similar assumptions 
and shows that little change of the lift distribution of 
an airfoil of pointed plan form lying near the center of 
the Mach cone is to be expected. 
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wing area 
aspect ratio 




w 


■ '-r. • • 


x distance along axis of symmetry of pointed airfoil/ 
^ 7 measured downstream from nose 7/7' 

7 V snanwise distance 4 / measured from* axis - of symmetry 

/■V z vertical distance from plane of wing 
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h>\ 
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max 


lift at Mach number M 
lift at zero Mach number 
maximum (used as subscript) 


theory FOR WINGS OF LC*V ASPECT RATIO 


The flow about an airfoil of very low aspect ratio 
may bo considered two-dimensional when viewed in cross 
sections peroen&icular to the longitudinal axis. 
this idealization, the treatment of the low-aspect-ratio 
airfoil becomes exceedingly simple; formulas are obtained 
that are similar in some respects to those derived by 
Hunk (reference fi) and Tsien (reference 7) for an elon- 
gated body of revolution. 

Perhaps the simplest case from the analytical point 
of view is* that of the long, flat, triangular airfoil 
travelling point-foromost at a small angle of attack. 
Viewed from a reference system at rest in the undisturbed 
fluid, the flow pattern in a plane cutting the airfoil at 
a distance x from the nose Is the familiar two- 
dimensional flow caused by a flat plate having the normal 
velocity Va. (See fig. 1.) Observed in this plane, the 
width of the plate and hence the* scale of the flow pattern 
continually increase as the airfoil progresses through 
the Plano . This Increase in the scale of the flow pattern 
requires a local lift force 1 equal to the downward 
velocity Va times the local rate of increase of the. 


additional apparent mass 
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l = Va 
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dm* 

dt 
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Gy a well-known formula from two-dimensional-flow 
theory, 
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where 6^/6b is a function of y. Differentiation of / 
Yields the e qu at ion 


dp = 2 pV 


db a 


/ p ax 4 

'4k - T 2 


or 




db 


Up _ . 

Q. sin 0 dx 

The pressure distribution thus shows an ini ini ce pea*- 
along" the sloping sides of the airfoil similar to the 
pressure peak at the leading od 0 e of a conventional air- 
~oii. The distribution aion£ radial lines passing through 

of constant ~^xr ) is 
0/2 ' 

uniform, however (fig* p)> and the center oi pressure 
coincides with the center of area. 


the vertex of the triangle (line 


Squat ions 
lift by the long 
of the sections in a downs tro am 
cf the surface havirv 


1) and (!;.) show that the development of 
lender airfoil depends on an expansion 
direction; hence a part 
0 parallel sides would develop no 
lift. Fur the mo re, a do ere as Lng v; i d t h \v oul d , a c c or d mg 
to equation (4), require negative lift with infinite 
negative pressure peaks along the edges of tre narrower 
sections/ In the actual flow, however, the edge behind 
the maximum cross section will lie m the viscous or 
turbulent wake formed over the surface ahead; and for 
thi3 reason it will bo assumed that the infinite pressure 
difference indicated by equation (p) cannot be developed 
across those edges. It is this assumption, corresponding 
to the Kutta condition, which gives the plate the prop- 
erties of an airfoil as distinct from another type of 
body, such a3 a body of revolution. 

With the aid of the Kutta condition, it may easily 
be shown that sections of the airfoil behind the section 
of greatest width develop no lift. A potential flow 
satisfying both the boundary condition and the Kutta con- 
dition may be obtained by the introduction of a free sur- 
face of discontinuity behind the widest section* This 
surface of discontinuity (fig* 4) would be composed of 
parallel vortices extending downstream from the widest 
section of the airfoil as prolongations ol the vortices 
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representing the discontinuity of potential over the for- 
ward part of the airfoil. This sheet, although possibly 
wider than the downstream sections of the airfoil, sti_l 
satisfies their boundary condition, since the lateral 
arrangement of the vortices is such as to give uniform 
downward velocity equal to Va over the entire wxdth o 
the sheet including the rearward portion of the airfoil, 
cine© the pressure difference across the airfoil, is pro- 
portional to 60/ctx and since this gradient disappears 
as soon as the vortices become parallel to the stream, 
no lift is developed on the rearward sections. 

integration of the pressures in a chordwise direction 
.from the leading edge downstream to the widest section 
will give the span load distribution and the induced drag. 
The span load distribution is 


6l _ 

dy 


V. 


I Ap dx 


or, from equation (3 )j 


~ = 2oV0 


Prom equation (2), 


^ TT °max a 

0 - Va — - — s ^ n ® 


Hence frL/fty is elliptical and independent of the plan 
form, -mil tho elliptical span load the induced drag is 
a minimum and is equal to 


Di = 


trqb 


( 5 ) 


max 


A second integration of || dy across the widest 
section gives the total lift, which is 


L = rpV 2 ab mQX 


( 6 ) 
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The lift of the slender airfoil therefore depends only 
on tho width and not on the area. If the lift is divided 

by IpV 2 S and if the aspect ratio A is considered to 

t 2 

, 0 infix , . 

be , then 

C L = ^ Al (7) 


and the induced-drag coefficient is 


a 

— n — 

j 2 


Prom equation (8) it appears that the resultant force 
lies halfway between the normal to the surface and tho 
normal to the air stream. 

It is seen that in the case of a rectangular plan 
form the simplified formula (equation (U)) gives an 
infinite concentration of lift at tno leading edge and 
no lift elsewhere, whereas a more accurate theory would 
show some distribution of the lift rearward. If the rate 
of increase of the width becomes too great, the flow can- 
not be expected to remain two-dimensional. It can bo 
shown by examination of the known three-dimensional 
(nonlifting) potential flow around an elliptic disk 
(reference 9 ) , however, that the two-dimensional theory 
gives a good approximation in the case of an elliptical 
leading edge, which Indicates that the theory is appli- 
cable over a large range of nose shapes. In figure 3 ^ 3 
shown a comparison of the lift calculated by the present 
theory for elliptical wings of low aspect ratio with the 
results of the more accurate three-dimensional potential- 
flow calculations of Frienes (reference 10). The results 
are in good agreement up to aspect ratios approaching 1. 
Application of equation (ip) gives a center of pressure 
on the elliptical plan form at one-sixth of the chord. 
Figure 6 also shows this value compared with vaxues given 
by Frienes 1 s theory. In thi3 respect it appears that 
the agreement is not so good as for the lift. 
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EFFECT OF COMPRESSIBILITY 


In order to show the effect of compressibility, 
use will be made of the theory of potential Plow vitn 
small disturbances. Glauert (reference 2) and Prandtl 
(reference 3) have demonstrated that, at subsonic speeds, 
a distribution of potential satisfying Laplace’s equa- 
tion will satisfy the linearized compressible -flow equa- 
tion if the distribution $(x,y,z) is foreshortened 
alone- the direction of motion by the transformation 


x’ = 




y» = y 


Zt = z 


This fact may be applied in a calculation procedure by 
starting with a fictitious airfoil longer in the 
x-direction than the true one and calculating the poten- 
tial distribution for this airfoil by methods of incom- 
pressible flow. The correct dimensions and correct 
distribution of 0 are then obtained when the trans- 
formation is applied. 

For the long slender airfoil, the potential distri- 
bution at each section is similar to that for an infi- 
nitely long body; therefore dfl/dx and hence the local 
pressures vary in inverse proportion to the length. The 
foregoing calculation procedure gives a null result in^ 
this case, since the pressures calcu?_ated for the ficti- 
tious airfoil at M = 0 will be reduced in the same 
ratio that the length is increased and the Lorentz trans- 
formation to restore the correct length will also restore 
the same pressures a3 those obtained at H = 0. Since 
dtf/bz is unchanged by the transformation, the nohnal 
velocity component and hence the angle of attack are 
unchanged also. These results can be obtained by refer- 
ring directly to the linearized equation for the potential 


L . M 2 ) ^ ^ ^ = 0 

V r ' a x 2 dz 2 


(See reference 3 .) If the airfoil is sufficiently slender, 

6 Z 0/bx 2 can be neglected in comparison with 60/bx 
except near the edge. Since the lift is proportional 


.1 bp 
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to b^/bx, the increase of the lift with Mach number^ 
can therefore be neglected in comp arisen wi tne xxxo. 

It is important to note that the theory of _ small 
disturbances is not limited to suosonxc velocities and 

that, so long as the term (l - in ec l uation 

bx^ 

remains small, the solution in tne region Oi the •.n-.n* 
will continue to be given by the potential (equation (2)). 
Evidently the Mach number cannot be increased j.nd.61 i- 

nitely, for then the coefficient of 6 y^/bx will become 
so large that the first term will no longer be negli- 
gible. The required condition will De satisiied, however, 
by adopting a pointed plan form with the vertex angle so 
small that^the* entire- surface lies near the center of 
the Mach cone (fig. ?). The condition of a small vertex 
an-jie is also necessary m order tnat the potential ^dio- 
tr abut ion of equation (2) may apply. in tne case oi a 
wine with a blunt-leading-edge plan form, abrupt changes 
in the fl«w arise on transition' to supersonic velocities, 
and. potential flow of the subsonic type no longer exists. 


The lift and lift distribution for rectangular 
surfaces at supersonic speeds have been calculated by 
Schlichting (reference 11). Figure 7 3 hows the varia- 
tion of lift-curve slope with Mach number as obtained 
from Schlichting’ s results for rectangular wings of two 
different aspect ratios and for the range of speeds in 
which the two Mach cones from the tips do not reach the 
center of the wing. In the subsonic range, values given 
by the Prandtl-Glauert rule are shown. These curves are 
cornu are d with the values indicated by the present theory 
for* a -triangular wing lying near the center of the Mach 
cone , Figure G shows the travel of the center of pres- 
sure for these plan forms. It is to be noted that, with 
the blunt-leading -edge plan forms, the center of pressure 
travels from a point near the quarter chord to a point 
near the ntidcliord when the ve?.ocity is increased above 
the speed of sound. 
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TESTS OF A TRIANGULAR AIRFOIL AT SUPERSONIC SPEED 


As a test of the foregoing analysis, a small trian- 
gular airfoil in the- form of a steel plate with rounded 
leading edges was constructed and tested in the Langley 
model supersonic tunnel. The tests were made at a Mach 
number of 1*75.. Figure 9 shows the details of the model 
and figure 10 summarizes the results of the test. At 
zero angle of attach a small lift and 'a. small pitching 
moment occur, which are presumably the result of the 
camber given the airfoil by rounding off the leading edges 
in the manner shown by section A-A in figure 9» lb. 
general, the results are in good agreement with the theory 
if an allowance is made for this camber, as shown in 
figure 10. 


CONCLUSIONS 


1. The lift of a slender, pointed airfoil moving in 
the direction of' its long axis depends on the increase 
in -width of the sections in a downstream direction. 
Sections behind the section of maximum width develop no 
lift. 

2. 'The spanwise loading of such an airfoil is inde- 
pendent of the plan form and approaches the distribution 
giving a minimum induced drag. 

3. The lift distribution of a oointed airfoil 

travelling point-foremost 4 is relatively unaffected by 
the compressibility of the air below or above the speed 
of sound, ♦ ’ 


Langley Memorial Aeronautical Laboratory 

National Advisory Committee for Aeronautics' 
Langley Field, Va., May 11, 19V3 
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Figure 9,- Airfoil tested in Langley aodel supersonio tunnel. 












